Abstract. In this paper, we consider unbounded weighted composition operators acting on Fock space, and investigate some important properties of these operators, such as C-selfadjoint (with respect to weighted composition conjugations), Hermitian, normal, cohyponormal, and invertible. In addition, the paper shows that unbounded normal weighted composition operators are contained properly in the class of C-selfadjoint operators with respect to weighted composition conjugations. The computation of the spectrum is carried out in detail.
1. Introduction
Complex symmetric operators.
In their papers [7, 8] , Garcia and Putinar undertook the general study of complex symmetric operators with many motivations coming from function theory, matrix analysis and other areas. A number of other authors have recently made significant contributions to theory as well as applications in quantum mechanics (see e.g. [6] ).
To proceed, we first recall some terminologies. Let H be a complex separable Hilbert space endowed with inner product ., . . The domain of an unbounded linear operator is denoted as dom(·). For two unbounded linear operators F, G, the notation F G means that G is an extension of F (see [20, Section 1.1] ). Furthermore, if A, B are two bounded linear operators on H, then we define the operator AF B by dom(AF B) := {f ∈ H : Bf ∈ dom(F )}, (AF B)f := AF (Bf ).
Note that we also use this notation in the case when A, B are anti-linear. Definition 1.1. An anti-linear mapping C : H → H is called a conjugation, if it is both involutive and isometric. Definition 1.2. Let S : dom(S) ⊆ H → H be a closed, densely defined, linear operator and C a conjugation. We say that the operator S is C-symmetric if S CS * C, and C-selfadjoint if S = CS * C. In both cases, the unbounded operator S is complex symmetric, in the precise sense [Sx, y] = [x, Sy], ∀x, y ∈ dom(S), symmetric weighted composition operators acting on Hardy spaces in the unit disk D with respect to the conjugation (1.1) J f (z) = f (z).
Later, in [24] , some of the results were extended to Hardy spaces in the unit ball, with the same kind conjugation (but defined in higher dimensions). The structure of the conjugation J inspired the author to study in [13] a generalization, namely anti-linear weighted composition operators A ξ,η f = ξ ·f • η acting on the Fock space.
1.3. Fock space. Recall that the Fock space F 2 consists of entire functions which are square integrable with respect to the Gaussian measure 1 π e −|z| 2 dV (z), where dV is Lebesgue measure on C. This is a functional Hilbert space, with the inner product and kernel functions given by
z (u) = u m e zu , z, u ∈ C, m ∈ N, respectively. Since K z = e |z| 2 /2 , we always have
Thus, convergence in the norm of F 2 implies a point convergence. For more information about Fock spaces, we refer the reader to monograph [25] .
A characterization of anti-linear weighted composition operators, which are conjugations on F 2 was given in [13] . These operators are called as weighted composition conjugations, and they are described as follows. For complex numbers a, b, c satisfying The class of weighted composition conjugations contains the conjugation J defined by (1.1) as a very particular case. In [13] , the author characterized all bounded weighted composition operators, which are complex symmetric with respect to weighted composition conjugations. Naturally, one is also interested in determining whether there are any additional classes of unbounded complex symmetric weighted composition operators on F 2 .
1.4.
Content. This paper investigates some important properties of unbounded weighted composition operators on Fock space F 2 , such as C-selfadjoint (with respect to weighted composition conjugations), Hermitian, normal, cohyponormal, and invertible. The computation of the spectrum is carried out in detail.
The rest of this paper is organized as follows. Section 2 is devoted to recalling basic properties of bounded weighted composition operators on F 2 . We consider an unbounded weighted composition operator W ψ,ϕ , and prove auxiliary results in Section 3. Theorem 3.3 shows that under certain conditions, the symbol ϕ is affine, while Theorem 3.9 provides the concrete structure of the adjoint W 4.4), Hermitian (Theorem 5.2), normal (Theorem 6.3), cohyponormal (Theorem 6.5), respectively. In parallel, the study of unbounded weighted composition operators with arbitrary domains is also carried out in Theorems 4.5, 5.3, 6.7 and 6.6. It should be emphasized that the class of complex symmetric operators obtained here contains operators studied in [13] as a proper subclass. Furthermore, it also includes properly unbounded normal weighted composition operators (Corollary 6.5).
Preliminaries
Let W ψ,ϕ be a unbounded linear weighted composition operator, induced by two entire functions ψ, ϕ. In the whole paper, we always assume that ψ ≡ 0.
It is clear that the domain dom(W ψ,ϕ ) is a non-empty subspace of F 2 (since 0 ∈ dom(W ψ,ϕ )). In general, dom(W ψ,ϕ ) is a proper subspace of F 2 . To give an example for this claim, we make use of the following useful lemma. 
Remark 2.3. Note that a function f ∈ F 2 belongs to the domain dom(W ψ,ϕ,max ) if and only if ψ · f • ϕ ∈ F 2 , or equivalently if and only if
A characterization of weighted composition operators, which are bounded on F 2 was carried out in [18] , where the techniques of adjoint operators in Hilbert spaces play a key role in proving the necessity. In [12] , the author used a different approach (not using the adjoint operator) to characterize the boundedness of weighted composition operators acting on the more general Fock spaces. In particular, the following illustrative example was given.
Dz , where A, B, C, D are complex constants. Then the operator W ψ,ϕ is bounded on F 2 if and only if
As mentioned in the Introduction, the author characterized in [13] all bounded weighted composition operators, which are C a,b,c -symmetric on F 2 .
Proposition 2.5 ([13]
). Let C a,b,c be a weighted composition conjugation, and W ψ,ϕ a bounded weighted composition operator induced by two entire functions ψ, ϕ. Then W ψ,ϕ is C a,b,c -symmetric if and only if the following conditions hold:
It is worth to mention a standard technique when one characterizes the complex symmetry of bounded operators. Recall that a bounded operator which is complex symmetric on a dense subset, is necessarily complex symmetric on the whole Hilbert space. Thus, Proposition 2.4 (a criteria for boundedness) plays an indispensable role in proving the sufficient condition of Proposition 2.5.
Some initial properties
This section contains several auxiliary results which will be used to prove the main results. Some of these results may have an intrinsic value.
3.1. Reproducing kernels. The first observation is concerned with the action of an unbounded weighted composition operator on the kernel functions. It allows us to predict a form for eigenvalues of W * ψ,ϕ when the symbol ϕ has a fixed point. Lemma 3.1. Let W ψ,ϕ be a densely defined unbounded weighted composition operator induced by two entire functions ψ, ϕ. Then
(1) For every z ∈ C, we always have
, and
Az+B .
Proof.
(1) For every f ∈ dom(W ψ,ϕ ), we have
and hence,
Az+B , we get
Az+B , which gives conclusion (2).
The next result shows a structural description of the kernel of the operator W ψ,ϕ and hence the range of W * ψ,ϕ . Proposition 3.2. Let W ψ,ϕ be a densely defined unbounded weighted composition operator induced by two entire functions ψ, ϕ. If the function ψ is nowhere vanished and ϕ is non-constant, then
Proof. Let f ∈ ker(W ψ,ϕ ). For every z ∈ C, we have ψ(z)f (ϕ(z)) = 0, which gives f (ϕ(z)) = 0, and hence, f ≡ 0. Thus, ker(W ψ,ϕ ) = {0}. Furthermore, 
The following conclusions hold.
(1) The function ψ is never vanished. Furthermore, if ψ ∈ F 2 , then it takes the form ψ(z) = ψ(0)e Proof. (1) Assume in contrary that ψ(z 0 ) = 0 for some z 0 ∈ C. Then there is a neighbourhood V of z 0 such that ψ(z) = 0 for every z ∈ V \ {z 0 }. Lemma 3.1 (1) shows that
By assumptions (3.1)-(3.2), we have SK z0 ∈ dom(W ψ,ϕ ) and W ψ,ϕ SK z0 = 0. Consequently, taking into account the structure of the operator W ψ,ϕ , we have
which implies that SK z0 • ϕ ≡ 0 on V \ {z 0 }. Since ϕ is a non-constant function, SK z0 ≡ 0, and hence, K z0 ≡ 0 (because S is involutive). But it is impossible.
The rest part of this conclusion follows from Lemma 2.1.
(2) By [21, Exercise 14, Chapter 3], it is enough to show that the function ϕ is injective.
Suppose that ϕ(z 1 ) = ϕ(z 2 ), for some z 1 , z 2 ∈ C. Since K z1 and K z2 both belong to the domain dom(W * ψ,ϕ ), so do their linear combinations. Lemma 3.1(1) gives
, and hence, by Proposition 3.2, it must be a zero function. Since the operator S is involutive, we get
(3) Now suppose that ϕ(z) = z + B and S is the identity operator. By Lemma 3.1(1) and assumption (3.2), we have
Since the function ψ is nowhere vanished, we can rewrite the above as follows
Note that by Lemma 3.1(1) and assumption (3.1), we see
, and so, ψ = W ψ,ϕ 1 ∈ F 2 . Using conclusion (1) , this function takes the form ψ(z) = ψ(0)e Cz 2 +Dz with |C| < 1/2, and hence,
Since ϕ(z) = z + B, we have 2Re (zϕ(u)) − |u| 2 − |ϕ(z)| 2 = −|z − u| 2 − |B| 2 . Substituting the above identities back into (3.4), we get
Assume in contrary that C = 0. For
which contradicts (3.5). Thus, we must have C = 0, and hence, inequality (3.5) is reduced to
In particular with z − u = D, we obtain |B| ≥ |D|, and the proof of the theorem is complete.
When are two operators equal?
In this section, we show that a maximal weighted composition operator W ψ,ϕ cannot be extended as an operator in F 2 generated by the expression E(ψ, ϕ). 
and moreover, W ψ2,ϕ2 W ψ1,ϕ1,max .
Proof. By [20, Proposition 1.
. Note that Lemma 3.1(1) shows that kernel functions always belong to the domains of W * ψ1,ϕ1 and W * ψ2,ϕ2 . Thus, we have W * ψ2,ϕ2 K z = W * ψ1,ϕ1 K z , ∀z ∈ C, which imply, again by Lemma 3.1 (1) , that
The above identities give ψ 1 = ψ 2 and ϕ 1 = ϕ 2 .
Consequently, we obtain the following result. 
3.3. Dense domain and closed graph. The following result may be well-known, but we give a proof, for a completeness of exposition. Proof. Let W ψ,ϕ,max be the maximal weighted composition operator induced by two entire functions ψ, ϕ. Furthermore, let (f n ) be a sequence of functions in F 2 and f, g ∈ F 2 , such that
By (1.2), we have
On the other hand,
Therefore,
The result below offers an alternate description of the maximal weighted composition operators.
Proposition 3.7. Let Q be the linear operator given by
Then W ψ,ϕ,max = Q * . Moreover, the operator W ψ,ϕ,max is densely defined if and only if the operator Q is closable.
Note that by the Riesz lemma, the function g belongs to the domain dom(Q * ) if and only if there exists C > 0 such that
or equivalently, if and only if
In view of [22] , the latter is equivalent to E(ψ, ϕ)g ∈ F 2 . This shows that dom(Q * ) = dom(W ψ,ϕ,max ). Moreover,
which give W ψ,ϕ,max = Q * . The rest conclusion follows from [20, Proposition 1.
3.4. Adjoints. As it will be seen in the next section, for C a,b,c -selfadjoint weighted composition operators, the symbol ψ has an exponential form, while ϕ is affine. Thus, it is worth to give an explicit formula for the adjoint W * ψ,ϕ,max on Fock space
The following simple note is useful for showing that two unbounded operators are equal. Proof. Note that a direct computation shows that for every z ∈ C, K z ∈ dom(W ψ,ϕ,max ), and moreover,
So, E( ψ, ϕ)f = W * ψ,ϕ,max f ∈ F 2 , which shows that f ∈ dom(W ψ, ϕ,max ) and W * ψ,ϕ,max f = W ψ, ϕ,max f . Next, we prove the equality of (3.6) occurs. There are three possibilities for |A|. -Case 1: |A| < 1. By Proposition 2.4, the operator W ψ,ϕ,max is bounded. Then the desired result follows from (3.6).
-Case 2: |A| > 1. In this case, we make use of Lemma 3.8 (with T = W * ψ,ϕ,max and S = W ψ, ϕ,max ). Note that by Proposition 3.2, the operator W ψ, ϕ,max is always one-to-one.
Also by Proposition 3.2, the range Im W * ψ,ϕ,max is dense in F 2 . So, to show that W ψ,ϕ,max is onto, we have to prove that the range Im W * ψ,ϕ,max is closed. For this, it is enough to show that there exists ℓ > 0 such that
Since |A| > 1, by Proposition 2.4, the operator W ξ,η is bounded. Then there exists ℓ > 0 such that
In particular, for h = g we get W ξ,η g ≤ ℓ g . Since W ξ,η g = E(ξ, η)g = f and g = W * ψ,ϕ,max f , we obtain (3.7).
-Case 3: |A| = 1. This is the most complicated case. By (3.6), it is enough to show that dom(W ψ, ϕ,max ) ⊆ dom(W * ψ,ϕ,max ). Let f ∈ dom(W ψ, ϕ,max ). By the Riesz lemma (see e.g. [20, Section 1.2]), f ∈ dom(W * ψ,ϕ,max ) if and only if there exists ℓ = ℓ(f ) > 0 such that
For this, we consider the following quantity
Doing the change of variables u = Az + B, and taking into account that |A| = 1, we have z = Au − AB, and hence, the integral above is equal to
We use the Hölder inequality to estimate
Doing again the change of variables Au
Subsequently,
The theorem is proved completely.
Complex symmetry
4.1. C-selfadjointness. First we note that Proposition 3.2 and Theorem 3.3 can offer some properties of ψ, ϕ when the operator W ψ,ϕ is C-selfadjoint with respect to an arbitrary conjugation.
Proposition 4.1. Let C be a conjugation on F 2 , and W ψ,ϕ an unbounded Cselfadjoint weighted composition operator induced by two entire functions ψ, ϕ. Then the following conclusions hold.
(1) The function ψ is never vanished. Furthermore, if ψ ∈ F 2 , then it takes the form ψ(z) = ψ(0)e 4.2. C a,b,c -selfadjointness. In this subsection, we give a complete description of unbounded weighted composition operators, which are C-selfadjoint with respect to weighted composition conjugations (or simply: C a,b,c -selfadjoint). The class of complex symmetric operators obtained here contains properly bounded operators investigated in the paper [13] .
The following result is a necessary condition for maximal weighted composition operators to be C a,b,c -selfadjoint. 
then the symbols are of the following forms
Proof. Take arbitrarily u, z ∈ C. On one hand, by Lemma 3.1(1), we have
Thus, we obtain
In particular, for u = 0, we get ψ(z)e bϕ(z) = ψ(0)e bϕ(0)+z(aϕ(0)+b) , which gives
For all u, z ∈ C \ {0}, we have
and hence
Thus, ϕ(z) = Az + B, where B = ϕ(0). Finally, substituting ϕ into (4.3), we obtain (4.1).
The next proposition makes precise the expression C a,b,c E(ψ, ϕ)C a,b,c , and hence, we obtain an explicit description of the operator C a,b,c W ψ,ϕ,max C a,b,c .
Bz , where C = 0, D = aB − bA + b. Then the following conclusions hold.
(
Proof. It is clear that conclusion (2) follows from conclusion (1). We prove conclusion (1) as follows. For any f ∈ F 2 , we have
and
With all preparation in place, we can now state and prove the main result of the present section. It turns out that condition (4.1) is also sufficient for a maximal weighted composition operator to be C a,b,c -selfadjoint. Proof. It is clear that (1) =⇒ (2), while implication (2) =⇒ (3) follows from Proposition 4.2. It remains to verify (3) =⇒ (1). Indeed, suppose that assertion (3) holds. By Proposition 3.6, the operator W ψ,ϕ,max is closed. A direct computation shows that kernel functions belong to the domain dom(W ψ,ϕ,max ). Furthermore, by Theorem 3.9 and Proposition 4.3, we have
In comparison with the case of bounded operators, the unbounded case uses more complicated techniques concerning the domains as well as adjoint operators. In addition, the fact that "a bounded operator which is complex symmetric on polynomials, is necessarily complex symmetric on the whole F 2 " is no longer true for the unbounded case.
The final result of this section is motivated by a remark of the paper [14] , which says that for differential operators on F 2 , the C a,b,c -selfadjointness cannot be separated from the maximal domains. We prove that this statement is also true for weighted composition operators; namely, there is no non-trivial domain for an unbounded weighted composition operator W ψ,ϕ on which W ψ,ϕ is C a,b,c -selfadjoint. Proof. The sufficiency follows from Theorem 4.4.
For the necessity, we suppose that W ψ,ϕ = C a,b,c W * ψ,ϕ C a,b,c . First, we show that the operator W ψ,ϕ,max is C a,b,c -selfadjoint.
Since W ψ,ϕ W ψ,ϕ,max , we have
, which implies, due to the involutivity of C a,b,c , that
Lemma 3.1 shows that kernel functions always belong to the domain dom(C a,b,c W * ψ,ϕ,max ), and so, 
Hermiticity
Recall that a closed densely defined operator T is said to be Hermitian if T = T * . Cowen and Ko [2] found the exact structures when a weighted composition operator W ψ,ϕ is Hermitian on the Hardy space in the unit disk D, under the additional assumption that ψ is bounded on D. With the help of this assumption, the operator W ψ,ϕ is certainly bounded on the Hardy space.
In this section, we investigate the Hermiticity of unbounded weighted composition operators acting on Fock space F 2 . As in the previous section, we first consider maximal weighted composition operators and characterize these operators which are Hermitian. Then we use this characterization to show that the Hermiticity cannot be detached from the maximal domains.
A necessary condition for a maximal weighted composition operator to be Hermitian is provided by the following proposition. Proof. For any u, z ∈ C, we have (W ψ,ϕ,max K z )(u) = (W * ψ,ϕ,max K z )(u), which means, by Lemma 3.1 (1) , that (5.2) ψ(u)e ϕ(u)z = ψ(z)e uϕ(z) .
In particular, for z = 0 we get ψ(u) = ψ(0)e uϕ(0) , and then with u = 0, we obtain C = ψ(0) ∈ R \ {0}. Then identity (5.2) becomes
which gives ϕ(u)z + uϕ(0) = uϕ(z) + zϕ(0),
Thus, ϕ(z) = Az + B with ϕ(0) = B ∈ C.
It turns out that condition (5.1) is also the sufficient condition for a maximal weighted composition operator to be Hermitian. Proof. It is clear that (1) =⇒ (2), while implication (2) =⇒ (3) follows from Proposition 5.1. It remains to prove that (3) =⇒ (1). Indeed, suppose that assertion (3) holds. Note that by Proposition 3.6, the operator W ψ,ϕ,max is always closed. A direct computation shows that kernel functions belong to the domain dom(W ψ,ϕ,max ). Furthermore, by Theorem 3.9, the operator W ψ,ϕ,max is Hermitian.
Like as the the complex symmetry, we also discover that there is no non-trivial domain for an unbounded weighted composition operator W ψ,ϕ on which W ψ,ϕ is Hermitian. Proof. 
, ∀z, u ∈ C. By Proposition 5.1, the symbols are of forms (5.1), and hence, by Theorem 5.2, the operator W ψ,ϕ,max is Hermitian.
Thus, conclusion (1) follows from the following inclusions
Normality and cohyponormality
Recall that a closed densely defined operator T is called
Note that a normal operator must be necessarily cohyponormal, but the inverse statement fails to holds. For a cohyponormal operator T , if λ is an eigenvalue of the adjoint T * , then λ is an eigenvalue of T . The entire class of normal bounded weighted composition operators W ψ,ϕ on the Hardy space over D is still not well understood. Bourdon and Nayaran [1] characterized exactly the case when the symbol ϕ has an interior fixed point. Later, Cowen, Jung and Ko [4] discovered that when the symbol ϕ has an interior fixed point, cohyponormality is equivalent to normality. These authors used the assumption that the symbol ψ is bounded on D. The case when fixed points of ϕ lie on the circle is difficult and remains unsolved completely. We refer the reader to the survey [23] for more details.
This situation on Fock space F 2 can be solved completely. Le [18] succeeded to characterize all bounded normal weighted composition operators on F 2 . It should be emphasized that his proof relies on the criteria (Proposition 2.4) for boundedness of weighted composition operators.
In this section, we give complete descriptions of unbounded weighted composition operators, which are cohyponormal as well as normal on F 2 , with a different approach than that of Le.
The following technical lemma is needed in proving the sufficient conditions of the next two theorems. , then
where
In particular,
Proof. Let f ∈ F 2 . By the explicit forms of ψ and ϕ, the left-hand-side integral is rewritten as
Doing the change of variables Az + D = Au + B, with the note that
and also
the left-hand-side integral above is rewritten as
Furthermore, notice that when A = 1, we have
which implies, as Re
, that M = 1. As in the previous sections, our first task is to characterize all maximal weighted composition operators, which are cohyponormal (Theorem 6.2) and normal (Theorem 6.3). 
(b) ϕ(z) = z + B, and ψ(z) = Ce Dz , where |B| ≥ |D|.
• We prove implication (1) =⇒ (2). Indeed, suppose that the operator W ψ,ϕ,max is cohyponormal, and hence, by Theorem 3.3(2), ϕ(z) = Az + B. There are two possibilities for A. If A = 1, then again by Theorem 3.3(3), we immediately obtain (2b).
corresponding to the eigenvalue ψ(d).
This notice allows us to get
Consequently, taking into account the structure of the operator W ψ,ϕ,max , we get
In particular, for z = 0, we obtain ψ(0) = ψ(d)e −Bd and hence (2a) follows.
• We prove the inverse implication (2) =⇒ (1). Suppose that the functions ϕ, ψ are of forms (2a-2b). We apply Theorem 3.9 to get W * ψ,ϕ,max = W ψ, ϕ,max , where ϕ(z) = Az + D, ψ(z) = Ce zB . So, to get assertion (1), we have to show that
If A = 0, then by Proposition 2.4, the operator W ψ,ϕ,max is bounded on F 2 , and hence, by [18, Theorem 3.3] , it must be normal. Now consider the case A = 0. Let g ∈ dom(W ψ, ϕ,max ), that is W ψ, ϕ,max g < ∞. By Lemma 6.1, we have W ψ, ϕ,max g ≥ W ψ,ϕ,max g , which gives g ∈ dom(W ψ,ϕ,max ). The proof of the theorem is complete. 
(b) ϕ(z) = z + B, and ψ(z) = Ce Dz , where |B| = |D|.
• We prove implication (1) =⇒ (2) . Suppose that the operator W ψ,ϕ,max is normal, and hence, by Theorem 6.2, ϕ(z) = Az + B, ψ(z) = Ce Dz , where
It remains to show that |D| = |B| in the case when A = 1. Indeed, in this case, a direct computation shows that W ψ,ϕ,max K z = Ce Bz K z+D , and hence,
On the other hand, by Lemma 3.1, we have W * ψ,ϕ,max K z = Ce Dz K z+B , which gives
Since the operator W ψ,ϕ,max is normal, we must have
In particular with z = 0, we get |D| = |B|.
• We prove the inverse implication (2) =⇒ (1) . Suppose that the functions ϕ, ψ are of forms (2a-2b). Note that W * ψ,ϕ,max = W ψ, ϕ,max , where ϕ(z) = Az + D, ψ(z) = Ce zB . By arguments similar to those used in the proof of Theorem 6.2, we can show that
Let h ∈ dom(W ψ,ϕ,max ). Then by Lemma 6.1, h ∈ dom(W ψ, ϕ,max ). Thus dom(W ψ,ϕ,max ) = dom(W ψ, ϕ,max ), and the proof of the theorem is complete. (2)). Then the operator W ψ,ϕ,max is C-selfadjoint with respect to the weighted composition conjugation C a,b,c given by
Proof. With choice (6.1), condition (1.3) holds, and hence, the operator C a,b,c is a conjugation. Moreover, condition (4.1) is satisfied, and so by Theorem 4.4, the operator W ψ,ϕ,max is C a,b,c -symmetric.
Like as the complex symmetry, we also discover that normality and cohyponormality cannot be separated from maximal domains. 
(ii) ϕ(z) = z + B, and ψ(z) = Ce Dz , where |B| ≥ |D|.
• We prove implication (1) =⇒ (2) . Suppose that the operator W ψ,ϕ is cohyponormal, which means
Thus, the operator W ψ,ϕ,max is cohyponormal, and hence, by Theorem 6.2, we get assertion (2b).
To prove (2a), we note that W * ψ,ϕ,max = W ψ, ϕ,max , where ϕ(z) = Az + D, ψ(z) = Ce zB . By Lemma 6.1 and Remark 2.3, we see that dom(W ψ,ϕ ) = dom(W ψ, ϕ,max ) = dom(W * ψ,ϕ,max ), and so, by (6.2), we conclude that dom(W * ψ,ϕ,max ) = dom(W * ψ,ϕ ) = dom(W ψ,ϕ ). Thus, we must have W * ψ,ϕ,max = W * ψ,ϕ , which gives conclusion (2a).
• The implication (2) =⇒ (1) follows from Theorem 6.2. 
(ii) ϕ(z) = z + B, and ψ(z) = Ce Dz , where |D| = |B|.
Proof. By Theorem 6.3, we have (2) =⇒ (1), while implication (1) =⇒ (2) follows from Theorems 6.3 and 6.6 (since a normal operator is always coyhyponormal).
Invertibility
Recall that an unbounded linear operator T is called invertible if there exists a bounded linear operator S such that T S = I and ST I.
In this section, we characterize unbounded weighted composition operators, which are invertible on Fock space F 2 . The following proposition is a necessary condition for an unbounded weighted composition operator to be invertible. 
which implies, due to Lemma 3.1 (1) , that
Hence, we get conclusion (1), and moreover,
Indeed, if there exist z 1 , z 2 such that ϕ(z 1 ) = ϕ(z 2 ), then S * K ϕ(z1) = S * K ϕ(z2) , and so, by (7.3),
In particular with u = 0, we get ψ(z 1 ) = ψ(z 2 ). Substitute back into the above identity to get z 1 = z 2 . (3) Identity (7.3) is rewritten as
By Proposition 3.7, we have W ζ,φ,max = S * * = S, where the last equality holds, since the operator S is bounded.
It turns out that the condition in Proposition 7.1 is also sufficient for a maximal weighted composition operator to be invertible. As a first step in proving the sufficiency, we need an observation related to the product of two unbounded weighted composition operators. Its proof is left to the reader. Lemma 7.2. For entire functions ψ 1 , ψ 2 , ϕ 1 , ϕ 2 , the product W ψ1,ϕ1 W ψ2,ϕ2 is the weighted composition operator given by
With all preparation in place, we can state and prove the main results of this section.
The first result is devoted to studying maximal weighted composition operators. We prove (3)=⇒ (1) as follows. Since the operator W ζ,φ,max is bounded, by Lemma 7.2, we can prove that W ψ,ϕ,max W ζ,φ,max = I, W ζ,φ,max W ψ,ϕ,max I, which gives (1).
The second result shows that an invertible weighted composition operator must be necessarily maximal. Proof. It is clear that (2)=⇒(1). We prove (1)=⇒(2) as follows. Suppose that the operator W ψ,ϕ is invertible, and hence by Proposition 7.1, we get (2a-2c), and W ψ,ϕ W ζ,φ,max = I, W ζ,φ,max W ψ,ϕ I.
By Theorem 7.3, we also have W ψ,ϕ,max W ζ,φ,max = I, W ζ,φ,max W ψ,ϕ,max I.
Thus,
W ψ,ϕ,max = W ψ,ϕ W ζ,φ,max W ψ,ϕ,max W ψ,ϕ , which gives W ψ,ϕ,max = W ψ,ϕ .
Spectral properties
In this section, we do a computation of the spectrum of some of unbounded weighted composition operators. The proofs of the next two results are similar to those used in Hardy spaces. 
Proof. The arguments are, in general, similar to those of Hardy spaces, see [11, Lemma 1] .
Due to Theorem 3.3, any function ϕ that induces a C-selfadjoint weighted composition operator on F 2 must be affine, that is ϕ(z) = Az + B. This restriction allows us to obtain the point spectrum of C-selfadjoint weighted composition operators acting on F 2 .
Theorem 8.2. Let W ψ,ϕ be a C-selfadjoint weighted composition operator induced by two entire functions ψ, ϕ with ψ ≡ 0 (note that C is an arbitrary conjugation).
If the symbol ϕ has a fixed point at d, then
Proof. Note that since the operator W ψ,ϕ is C-selfadjoint, λ ∈ σ p (W ψ,ϕ ) if and only if λ ∈ σ p (W * ψ,ϕ ). Thus, by Proposition 8.1, it is enough to show that A k ψ(d), where k ∈ N, are eigenvalues of the adjoint W * ψ,ϕ . Indeed, by Lemma 3.1(2), we see
By arguments similar to those used in Hardy spaces, see [11, Lemma 3] , but now applied to Fock space F 2 , we get the desired result.
We end up the present paper with computing the spectrum of the C a,b,c -selfadjoint W ψ,ϕ . Remind, by Theorem 8.2, that the point spectrum of W ψ,ϕ is σ p (W ψ,ϕ ) = {A k ψ(d) : k ∈ N} if A = 1. For the reverse containment, we assume a contrary that there exists θ ∈ σ(W ψ,ϕ,max ) such that θ = A k ψ(d) for all k ∈ N, and θ = 0. These show θ −1 ∈ ρ(W ξ,η,max ), that is the operator θ Thus, the operator W ψ,ϕ,max − θI is invertible. This is impossible.
